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ARMY MATERIEL SYSTEMS ANALYSIS AGENCY

TECHNICAL MEMORANDUM NO. 21

HHBuke/RLPayneJ r/pbb
Aberdeen Proving Ground, Maryland
November 1968

A LINEAR CLOSED LOOP SYSTEM ANALYSIS
PROCEDURE USING L.NE PRINTER PLOTS OF
CHARACTERISTIC EQUATION ROOT LOCI

ABSTRACT

An existing program that determines the root locus of n'th order
polynominals has been modified to provide plots of these loci in the
complex frequency plane using a standard line printer. A methodology
that combines the computational capabilities of this root locus program
with a variable scale graphical display of selectable regions of the
complex frequency plane is presented. A listing of the Fortran IV
source deck of the mndified program and two examples are included.
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I, INTRODUCT ION

The stability of linear closed loop systems is effectively
(l). For all but the

most trivial cases, the polynomial representing the system's characteris-

determined through the use of root locus methods

tic equation is high order. Manual calculation of the roots of this
polynomial is laborious and time consuming. A Fortran |V program (27
has been developed to expedite this process. The interpretation of a
tabular display even when available is at bes>t cumbersome. The purpose
of this memo is to describe the use of a8 modified version of this basic
program which provides selectable scaled graphical displays of the

root loci as part of the tabular output.

Main features of the modified program are:
|. Programmed in Fortran IV. No machine oriented or object
language.
2. No complex arithmetic.
3. No special graphical plotting equipment necessary.
4. Order of polynomial may be uo to 10C.
5. Number of variations of coefficient may be up to 100.

Main features of the graphical display are:
I. Log plot of third and fourth quadrants of complex
frequency plane from 0 to 10,000 radians/second.
2. Linear plots of selected regions of the third and fourth
quadronts of the complex frequency plane with arbitrary scales.

11



i1. NATURE OF THE PROBLEM

Regardless of the complexity of a closed loop system its transfer
function can be reduced *o the equivalent form shown in Figure |. For
multiple loop systems, the G's and H's are readily expressed as sums
of products of polynomials which areidentified with individual elements
making up the complete system.

R(S) E(S) C(S)
G, (S)
» >
| GEISJ
B(S)
H, (S)
Ke I
HZ(S)

Figure I. Linear Closed Loop System

where: R(S) = System Input
C(S) = System Qutput
B(S) = System Feedback
E(S) = System Error
Kp = Process Gain
Kc = Controller Gain

The fractions GI(S)/GZ(S) and H|(S)/H2(S) are equivalent transfer
functions of the system and are represented by ratios of polynomials

which upon expansion can be put in the form

12
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or in factored form

n

mn (S+2)

us| v (2)
m+n

n (S + pl)
i=1

vhere the a's and b's are real, the poles and zeros (-p‘ and -Z,) can
be either real or complex in conjugate pairs and m > |,

The |inear closed loop system transfer function Is R

C(S) _ KpGl(S) Hy(S)
R(S)

(3)

KCKpGl(S) HI(S) + GZ(S) HZ(S)

The linear closed loop system's characteristic equation which
determines the roots of the transfer function's denominator is

KCKpGI(S) Hl(S) + GZ(S) HZ(S) = 0. (4)

If we let KCKp = + K* (5)
GI(S) HI(S) = A(S)

GZ(S) H,(S) = B(S)

13
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then equation (4) can be written as
K*A(S) + B(S) = O (6)

and the linear closed loop system transfer function is

C(S) . K G|(S) Hy(S) -

R(S) K¥A(S) + B(S)

The transfer function for a unit step in R(S) becomes

n
C(S) = Kp T (S+7) (8)
u=s

I
m+n

S® (S+ pi)
i=|

and the time response of the output, c(t) to the un.t step is given by

c(t) = L7'[cs)] (9)
where L-I( ) indicates the inverse Laplace transform
Expressing equation (8) in partial fraction form we have

mtn
cs) = Fo + E -5 (10
i=| (S+pi)

where Ko and K; are the residues at the respective poles of C(S).

Speci fically

© P oy U (i

: P u= u (12)

s m (S + pi)]

14
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The inverse transform of (10)is therefore

c(t) = K_ + E :K epif (12
(o} i

If a pole Py is complex, its correspondinc -esidue, Kz' is also
complex. In this case there also exists a term of the form

K ;-eplt where the bar denotes complex conjugate.

We then have

t (14)

t . - p o, 1
(K, ePr’ + K, ePr’) = 2|k, et cos(w£f+¢2’
where:

Py= 0, + % (15)

Thus If | poles are real and mtn-j poles are complex we arrive at the

complete time solution for c(t)
J K o, t

)
) = K+ ZK'epif i 2: 2|K,| e "cos (w t + ¢,) (16)
-+ =J+'
where
K=m+n-]
2

As the value of K* is varied, the roots of the system's
characteristic equation change. Since - %- is the time constant for a
single pole and - o, is the damping coeffiéienf assocliated with the
f requency W,, We can see that the locus of P and Py in the comp lex
plane, as K* varies,gives an indication of the stability of the system,

15



Although the stability of the system for a unit step function is
generally adequate the response of the system F(t) to an arbitrary input
R(t) can be found by the Duyhamel integral

-t.

F(t) =c)P R(u) c¢(t-u) du (17)

o]

where c(t) is of the form given in equations (13) and (15).
A locus of roots as K* varies from K* . to K* is called the root
min max
locus of the system. From (6) it is seen that when KC is not present
(no closed loop system), K¥=0 and the roots of the characteristic
equation are the roots of B(S). When KC is present (closed loop system)
and the value of KC approaches infinity, K* also approaches infinity.

The roots of the characteristic equation are the roots of A(S).

i1i. GRAPHICAL METHOD

The root loci of the system are the trajectories of the roots of
equation (6) in the complex plane as K* varies from O to « It will be
recal led that since the coefficients of the characteristic equation are
real the complex roots appear In conjugate pairs and the loci are
symmetric about the o axis. Hence investigation of the half plane
reveals the nature of the entire set of loci. |In our plots of the
loci, we choose to display only the lower half on the complex frequency
plane, i.e., the third and fourth quadrants which make up the left and
right hand quadrants respectively. We include two options (1) a log

plot and (2) ar expanded scale linear plot.

in the log plot separate plots are made of the left and right
hénd quad-ants. Each is partitioned into decades ranging from 0.0l
rad/sec i. 10,000 rad/sec. Figures 3 and 4 show the actual log plots
for example |, to (e described later. Figures 5 and 6 show two actual

linear expands for example |, to be described later.

16




Detailed plotting accuracy is of no concern on the log plots.
Selection of the proper scale will provide the desired accuracy on the
linear expand plots. The left hand quadrant coordinates are minus
sigma and j-omega. The right hand quadrant coordinates are plus
sigma and j-omega. The dimensions of the coordinates in the

comp lex frequency plane are radians/second.

Three different symbols are shown in the complex frequercy plane

log plot. The definition of these are

* Roots of B(S)
0 Roots of A(S)
® Roots of K*A(S) + B(S)

Dependent on the proximity of any of the above roots priority is
given to plotting first the roots A(S) then the roots of B(S) and
finally the roots of K*A(S) + B(S). Ffor all real roots which are
located on the plus sigma or minus sigma axis, the roots of A(S) appear
on the sigma axis. Any other root that may occur within the stepping
increment of a root of A(S) i.e., other roots of A(S), B(S) or
K*A(S) + B(S) will appear to the right. The same priority of graphical

printout is maintained for the complex roots.
Rewriting (6) gives
K*A(S) + B(S) =0 (6)

Dividing (6) by B(S) and rearranging gives

|-(~K*A(S) ]

B(S)

where -K*A(S) = open loop transfer function of equivalent system [TF]oL

B(3)

The algebraic sign of the ratio of the lowest powered terms of
open loop transfer function, A(S) will determine the regions on the

+ sigma axis where the roots ggsk*A(S) are located. For a positive

A(S) /B(S) the roots of I-[TF] open loop = 0 are located on the zero

17
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angle locus L5 and extend from + infinity on the positive sigma axis
to the largest positive root of A(S) or B(S). From this most positive
real root the locus of roots are located in the even numbered intervals
between the roots of A(S) and B(S) to minus infinity on the sigma axis.
For a A(S)/B(S) the roots of K*A(S)+B(S) = 0 are located on the 180°
angle locus and extend from the largest positive root of A(S) or B(S)
on the Sigma axis leftward to the adjacent rcot and in the odd

numbered intervals between the roots of A(S) and B(S) to minus

infinity on the sigma axis.

Inspection of the log plot shown in Figures 3 and 4 demonstrate

the real locus for a positive A(S), while Figures 5 and 6 demonstrate

Egg;. When appiying this method a

pencilled line parallel to the sigma axis to designate these closed

the real locus for a negative

locp root trajectories on the real axis is suggested.

The precise location of these roots is given in the numerically
tabulated cutput. A detailed discussion of the complete input and
output will be later. Mention is made here only to indicate that close

continuity exists between the numerical and graphical output,

Regions . { interest on the compiex plane are obvious from the iog
plots. In order to study segments of the root loci more closely a
linear expand plot of the complex frequency plane is used. Similar to
the log plot, only one quadrant of the right and left hand planes are
shown. The scaling of the linear expand plots is completely arbitrary.
The regions of interest are determined from inspection of the log
plots. As many regions as desired can be expanded. Figures 5 and 6
are one such linear expand on a specific region of the complex

frequency p!ane.

18




DR TR T T e

IV.  DATA FORMATS

A. Polynomial Multiplication and Root Locus Method

I. General Description.

a. Computes the numerator solynomial A, where A Is the sum
of the products of several sets of polynomials, Each set contains a
variable number of polynomials and a variable number of sets form the
sum,

b. Computes the denominator polynomial B, where B [s the
sum of the products of several sets of polynomials.

¢c. Computes the roots of A.

d. Computes the roots of B.

e. Computes the polynomial K * A + B, where K*varies from
K initial to K terminate in Increments of AK, or particular values of
K*may be chosen.

f. Computes the roots of the K * A + B polynomials.

2. Input.
Description Columns Data
a. Identification 1 - 80 Identification of run
b. Control card I - 10 0 for 8K
(Integers) N for number of Input
particular values of K
It - 20 Number of polynomial
groups to be added in A(s)
21 - 30 Number of polynomial groups
to be added in B(s)
31 - 40 Problem number
C. If Ak Is used

I - 10 K Inltial

- 20 A K

19
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2. Ingu?.

cl.

ce.

d.

(Cont.)

Description

If Ak is used

if specific values of

Numerator group count
(Integers)

20

Columns

21 - 30

K are used,
I - 10

I - 20

2 = 3D

0O O O o

o]

(seven values

o
o
o

Etc.

Data

K terminate

"N

per card)

Number of polynomials
in group | of

numerator

Number of polynomials
in group 2 of
numerator

(seven values per card)




R R =

St |

2. InEuT (Conv.)

Description Columns Data

e. Denoninator group count
(integers)

I - 10 Number of polynomials
in group | of denominator

I - 20 Number of polynomials
in group 2 of denominator

0
0
0

E4e.
(seven values per card)

f. Polynomials. Seven values per card, with each polynomial
starting on a new card. The first value of eazh polynomial is an
interger, with the coefficients in ascending order in floating point:

|l - 10 Degree + | of the
polynomial
1 - 20 Constant term
21 - 30 Coefficient of X
31 - 40 Coefficient of X
Etc.

2

Load in polynomials in the order in which they appear in the
fraction, with the numerator polynomials first.

5, Ou?guf.

The output consists of:

a. Value of K* initial, increment K*, value of K* terminate.
b. Number of polynomial groups added in A(S).

c. Number of polynomial groups added in B(S).

d. Number of polynomials in each group of A(S).

e. Number of polynomials in each group of 8(S).

f. Coefficients of polynomials in each group of A(S) and
B(S).

21



g OuTEUf (Cont.)

g. The degree, coefficients and roots of A.

h. The degree, coefficients and roots of B.

i. The degree, coefficients, roots, value of K* for each
K*¥ A + B polynomial.

4., Special Considerations.

a. The maximum order of A or B is 100.

b. The maximum number of specific values of K is 100,

B. Root Locus Plot Subroutine

I. General Description. This is a subroutine designed to work

with the basic polynomial multiplication and ~oot locus program. This
subroutine takes the roots of K*A + B calculated by the polynomial
root locus program and plots them on the complex frequency plane with
the fol lowing options:

Log plots of the third and fourth quadrants of the complex
frequancy plane from 0 to 10,000 rad/sec. Linear expand plots of the
third and fourth quadrants of the complex frequency plane with select-
able scale. The linear expand plots supplement the log plot. The
region covered by any one |inear expand plot can be designated by the
anaiyst through the use of data cards. The sigma dimensions are
determined by choosing a certain point in either the third or fourth
quadrant and picking a percentage of this point to be the distance
represented on the sigma axis. (See linear expand output of example).
The J-omega dimensions are determined by choosing a certain point on
the J-omega axis and picking a percentage of this point to be the
distance represented on the J-omega axis.

22
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2. Input.

Description Columns Data
Control Card Used I 0 (zero) integer
to call the log Il 0 (zero) integer
plot subroutine 21 0 (zero) integer
31 - 35 10000(ten vhousand) integer

Control Cards Used

to call the expand

option
Number of Expands
Desired I - 10 integer
For each li.ear | - 10 J-omega specific Real
Expznd, data appears I - 20 J-omega percent  Real
on one card 21 = 30 Sigma specific Real
31 - 40 Sigma percent Real

Note: There must be as many data cards as there are number of
expands desired.

3. OufEuf.

Depending on the options specified the output consists of:
a. A list of all of the roots plotted on the log plot.

b. Two log plots of the roots calculated by the
polynomial multiplication and root locus program.

c. The specified number of |inear expand plots of
seleciable regions in the complex frequency plane.

V.  EXAMPLES

Two examples of the use of the techniques described above will be
considered. The first is the realization of a typical control system
and will be discussed in some detail. The second .s included simply

to indicate the results for a fairly large order system.

23



Exaggle s

A typical control system is shown in Figure 2.

]
0.95 D.DEIL— 42‘”5 r2.7)
s + 6S + 400

b E A -2092(5%+1.25-1672) .
< = PO s” + 65 + 400

2

-491.5 S

s2 4+ 3.25 + 25,600

—gemd

Figure 2. Linear Closed Loop Control System Block Diagram

The equivalent form of Figure 2 is shown in Figure | where

Gl(S) Hl(S) = A(S) and GZ(S) HZ(S) = B(S) and K* = Kch'

The characteristic equation for the system shown in Figure 2 is

2 2

2,02

-K*[2092(S“+1.25-1672) (S

+(0.081)(464)(S+2.7) (52+3.ZS + 25,600)S

+3.25+25,600) + 491,55 (S°+65+400) ]

+(0.95) (464) (S + 2.7) (52 + 3.25 + 25,600)

<2

+S(32 + 65 + 400) (S% + 3.25 + 25,600) = O

Table | shows the input card format for this characteristic equation.
Lines | through 20 apply to the polynomial multiplication and root

locus method and lines 21 through 28 apply to the root locus plot
subroutine. '

24
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- W W

W NN

W oW N oW N

100.
100.
50,
50,
150.
150,

0.0l

25600.
-1672,
-2092.
0.
400,
.081
0.

2.7
25600.
.95
464.
2.7
25600,
0.
400,
25600,

100,
100.
100,
100.
20.
20,

Table 1.

Input for Example |

464,

3.2

3.2

6.
D 2

25

331

10000

100.
100.
100.
100.
100.
100.

POLYNOMIAL MULTIPLICATION
AND ROOT LOCUS PROGRAM

ROOT LOCUS
PLOT SUBROUTINE



The +tabulated numerical output is shown in Tables 2 through 5.
Table 2 :uirrors the number of inputs values of K¥, (0=AK increment,
N= number of particular Input values of K*), the number polynomial
groups added in A(S) and B(S), the problem number, K* initial, incre-
ment K¥*, K* terminate, the number of polynomial in each group of
A(S) and B(S), and the coefficients of each of these polynomials
proceeding from the left most tferm in the numerator to the final term
in the denominator. Each polynomial group appears on a separate sheet.
Table 3 defines the equivalent open loop A(S) and B(S) in single
polynomial and root form. Table 4 defines K*¥ A(S) + B(S) in
polynomial -nd root form for values of K* between K* initial and K¥
terminate. Table 5 is a tabulation of K* A(S) + B(S) roots which
ar2 to be plotted.

Figures 3 and 4 are the log plots for Example |. The net sign
for the lowest order coefficients is positive as seen in Table 4, hence
the zero degree locus is plotted. The roots of A.S) and B(S) are

A(S)

39.918653
-41.162138
-1.7304538

I+

J 145.22688

B(S)

-1.3440477

-1.6000000 + j 159.99200

-21.119976 + j 20.963084

The locus of the K¥ A(S) + B(S) roots on the sigma axis as K*

varys from 0 to 0.3 in increments of 0.010 may be determined by
inspection. |t appears to the right of 39.918653 and between
-1.3440477 and -41.162138. The complex locus has two branches. One
branch comes from the complex pair at =21.119976 + j 20.963084 and the
other from the compliex pair at -1.6000000 + j 159.99200.

For K* gains between 0 and 0.3 these two branches lie in the third
and fourth quadrants. Inspection of this log plot in conjunction with

the open loop roots of A(S) and B(S) given in Table 4 provides insight

26




into the regions of the complex plane where an expanded scale plot of
the root locus is required. The region bounded by -100.<0< 200 and
O<w< 200 is shown in Figures 5 and 6. The locus between sigma equal to
-41.162138 and=l.3440477 is shown in detail. The locus between sigma
equal to -21.119976 + j 20.963084 and the positive sigma axis roots

+ 39.918653 and plus infinity .s shown in detail. The locus in the

100 - 1000 rad/second j-omega decade is shown in a compressed form in
this plot. Figures 7 and 8 are another set of expanded scale plots of
the region bounded by -100 <0<I100 and O<wl00. This scale provides more
sensitivity to that portion of the locus which progresses from -21.119976
t 20.963084 to the positive sigma axis. The locus in the 100-1000 rad/
sec j-omega decade is not shown. Figures 9 andl0 are expanded scale
plots in the region bounded by =10 <o< 10 and 20 <w< 180. The roots of
A(S) and B(S) are in the third (left hand) quadrant while the roots of
K¥A(S) + B(S) are in the fourth (right hand) quadrant. The migration
of these roots as K* is varied is an indication of the requirement for

this expanded scale plot of the complex frequency plane.
Example 2

Table 6 is the tabulated numerical output for a more complex
multiloop system whose characteristic equation is of 24'th order
Figures Il and 12 are log plots. The off axis printing on the sigma
axis is shown. The net sign of the lowest order coefficients of A(S)/
B(S) is negative, hence the 180° locus is plotted. Inspection shows
that the locus is between +0.0040482270 and -0.046149160 and then
between each alternate root o+ A(S) or B(S) on the sigma axis.
Inspection of Figures || and 12 indicates that several regions of the
complex frequency plane are of interest. One such reglon is the region
bounded by -16.0 <o< 16.0 and 25. <w< |75. which is shown in Figures
I3 and 14.
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VI.  CONCLUSIONS

The method described in this memorandum for computing linear system
root loci and plotting their trajectories on the complex frequency plane

has the following merits.

I. Accepts input in the form of sums of products of

polynomials,

2. Produces a log plot of the entire complex plane in two

graphical displays.

3. Produces selectable scaled linear plots of regions in the

complex frequency plane.

4, Relates the closed loop gain to 1he graphical display.
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nrz

O

aNaNalNe

13
11

277
401
402

403

404

M~405
00
D406

407

CALL RTLOCS
END

SUBROUT INE RTLOCS

CIMENSION WLOG(3000)sPHILIN(3000) MDBLIN{IONO) 4PHIPLNIYIOCC),
*MPDBLN(3C00)

CIMENSION SAVEL(100,100),SAVE2(100,100),XA(2000),XH8{2000)
CIMENSION X(1C0),IGAL100),IGBC100),C(100),DC10G)ANS(L100),
1SAVE(L1OO)sERA{100),AS(100)yRS(100),A(100)B(L00),ROOTR(LICC),
2ROOTI(100),ATK(100),CK{1CO),CKS(100)

[INTEGER COMENT(20)

INTEGER STAR],STAR2,STAR3J,STAR

INTEGER ONELZERO,DOT,VEE,AYE

INTEGFR POINT(1304100)yDASH BLANK¢STAR G sSPOTIL130G,50)
REAL MDBLIN,MPDELN

CATA ONE/1H1/,2FRO/1HO/ 4D0T/1He/ ¢ AYE/LHA/ 4 VEE/ LIHV/

DATA BLANK/1IH /,DASH/1H=-/, Q/1iH1/

CATA STARL/1HO/,STAR2/1H*/,STAR3/1H./

LOGICAL PRNT

EQUIVALENCE ( SAVEL(lel)oWLCG(L))(SAVE2(1s1)4PHILIN(L)),
1 ( SAVEL(1,31) ,MDBLINCL) )y (SAVE2{1,431),PHIPLN(L1)),
2 ( SAVEL(l,61),MPDBLNI(L1))

EQUIVALENCE (SPOT(Ll,1)14POINT(1,41))
EQUIVALENCE(STARL,ZERO) o (STARIL,DOT)
EQUIVALENCE(JACKIE o KJoI) s (JCANNy KK,y J)

COMMON/FREEK/A,B

COMMON /BOB/ POINT

COMMON /INFOQO4/ Q,BLANK,DASH

COMMON /INFO0S5/ SAVE1l,SAVE?

READ(S, 11) COMENT

WRITE(6+13) COMENT

FORMAT(///777777777:¢20X%X92044)

FORMAT(20A4)

00277 10U=1,2000

XA{IOU)=0,0

X8(10U)=0,0

DO 401 KK=1,100

D0 401 KJ=1,130

POINT(KJ KK )=BLANK

DO 402 KK=1,130

POINT{KKy51)=DASH

POINT(KK,50)=DASH

D0 403 KK=1,100

00 403 KJ=34,125,13

POINT(KJ KK )=Q

D0 404 KJ=34,124

D0 404 KK=T7, 93,7

IF(KKeEQe49) KK=53

POINT(KJKK)=DASH

00 405 KK=7, 93,7

IF(KKeEC.49) KK=58

POINT(25,KK)}=0NE

DO 406 KK=26,28

POINTIKK, T)=2ZERO

D0 407 KK=26,27

POINT(KK,y14)=ZERO

POINT(264211=2ERO

6l
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D0 408 KK=35,6%,7 61

[F(KKeEQ.49) KK=58 62

408 POINT(24,KK)=DOT 63
POINT(25,42)=ZERO 64
POINT(25,58)=ZERO 65
POINT(26,42)=ONE 66
POINT(26,58)=0NE 67
POINT(26,77'aZERO 68
POINT(26,79)=2ERO 69
POINT(26,86)52ERD 70
POINT(27,86)=ZERO 7

D0 409 KK=26,28 12

409 POINT(KK,93)=2ERO 73
D0 420 KK=1,100 14
IF(KKeEQe4) KK=98 5

420 POINT(26,KK)=% 16
POINT(2644)=VEE 11
POINT(26,97)=AYE 78

DO 7681 JACKIE=1,100 79

DO 7681 JOANN=1,100 80
SAVEL(JACKIE, JOANN)=0.0 g1

7681 SAVE2(JACKIE,JOANN)=0,0 82
NO=1 83
1200 S 1 = 1,100 84
ALL) = 0,0 85

5 B(I) = 0,0 86
MI=0 87
J10=1 88

Kl=] 89
1i1=1 90

READ (5,101) NoyIA,IB,IPROB 9]

140 FORMAT( 10X, THOEL TAK=, 110,5X,19HFOLY.ADDED IN A(S)=,110,5X,19HPOLY, 92
*ADDED IN B(S)=g[10y5Xs9HPROBLNOe=¢110) 93
IF(IB.NE.O) GO TO 10 94
IF(IANELO) GO TO 10 95

IF{ NeNE.O) GO TO 10 96
IF(IPROB.EQ,10000) GO TO 1016 97

101 FORMAT (7110) 98
10 WRITE(6,1) 99
FORK1=0,0 100
FORK2 = 0.0 101
FORK3 = 0,0 102
WRITE (6 ,102)IPROB 103

102 FORMAT (1H1, 9X,4OHPOLYNOMIAL MULTIPLICATION AND ROOT LOCUSs44X,11 104
1HPROBLEM NOoy15/7) 105

IF (N} 21, 20, 21 106

20 READ(5¢103)Y,0Y, YT 107
WRITE(6,140)N, A, 18, [PROB 108
WRITE(6,141)Y,0V,YT 109

141 FORMAT(1HOs5Xy LOHK=INITIAL=F2041055Xs L2HINCREMENT K=,F20410,5X,12H 110

_ *K-TERMNINATE=,F20,10) 111
103  FORMAT (4F10.0) 112
™ GO TO 25 113
(O 21 READ(S,104) (X(I)sI=1,N) 114
r~ WRITE(6,142) (I,X{1),1I=1,N) 115
00104 FORMAT(7E10,0) 116
L3s  READ (5 ,105)(IGA (I)y I = 1, IA) 117
WRITE(6,143) (I,IGA(TI)oI=1,1A) 118

143 FORMAT( 10X, 24HNUMBER OF POLY. IN GROUP, 13,14H OF NUMERATOR=,110) 119
142 FORMAT(10X,2HX (s 13,2H)=,F20,10) , 120
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mn

O

144
105

300
15

200

48
106
49
51
56
53
52

50

54

55

64
60

65
66
617

68
145

6800
6R02

6801
6803

01

n)nrg 5237E54

02

READ (5 ,105)(1GB(JYy J= 1y [B)
WRITE(6,144) (JyIGBLI)yJ=1,IB)

FORMAT (10X, 24HNUMBER OF PCOLYe. IN GROUP,
*)

FORMAT(7110)

DO 15 1| = 1,1C0

SAVE(IL) 0.0

ISDEG = O

JJ = 1

READ (S ,106)MDEG,( ClI), I=1, 6)
IF{MDEG.GT.6) GO TO 48
WRITE(6e145) (19yClI)el=1sMDEG)
[F (MDEG - 6) 49, 49, 48
WRITE(G6,145) (1,C(1)y1I=1,MDEG)
FORMAT(I10,6E10,0)

IF (IGAtJJ)I-1) 50, 51, 50

DO 56 = 1, MDEG

ANS(T) = C(1)

IADEG = MDEG

IfF (ISDEG - MDEG) 524 52, 53
INDEG = ISDEG

GO TO 68

INDEG = MDEG

GO TO 68

READ (5 ,106INDEG, (DI(1),y, I =1, 6)
IFINDEG.GT.6) GO TO 54
WRITE(G6,145) (I4ND(1)y1=1,NDEG)
[F (NDEG - 6) 55, S5, 54

READ {5 ,104)(D(1)y, I=7, NDEG)
WRITE(G6,145) (1,0(1),121,NDEG)
[ADEG = NDEG + MDEG -1

CALL POLMPY (CoMDEG+D¢NDEGsANS)
[GA (JJ) = 1GA(JJ) -1

IF (IGA(JJ) -1) 6%y 65, 64

DO 60 I = 1y [ADEG

Ctl) = ANSI(I1)

MDEG =1ADEG

GO 10 S0

IF (ISDEG - [ADEG) 66,466,467
INDEG = IADEG

GO 10O 68

INDEG = ISDEG

CALL POLADD (SAVE.ISDEG,ANS,IADEG.ERA)
FORMAT(10X42HCl41342H)=,F20.,10)
WRITE(G6,1)

FORMAT(1H1/7)

IF (ERA(INDEG) Y6803, 6802, 6803
INDEG = [INDEG - 1

IF (INDEG) 6801, 6801, 680C
INDEG = 1

Jd = JJ ¢+ 1

DO 70 I = 1, INDEG

SAVE(I) = ERAL(I)

ISDEG = INDEG

(A = 1A -1

IF (IA) 201, 201, 200

IF (FORK1) 202, 202, 203

SAVE NUMERATOR,

DO 220 I = 1y ISDEG

63

[3,16H OF DENOMIANAIUR=,11vU

121
122
123
124
125
126
127
128
129
130
131
132
133
134
) 35
136
137
134
139
149
141
142
143
1414
145
MY )
la/
141
149
150
151
192
153
154
1%
156
157
158
159
160
l01
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180



kaizc]

220

230
c

c
203
240

109
339
341

345
120

340

A(l) = SAVE(I)
IDA = [SDEG

IA = I8

FORK1 = 1,0

00 230 I=1, IA
IGA(I) = [GB(I)
START DENOMINATOR
GO TO 300

SAVE DENOM,

DO 240 I = 1, iSOEG
BT) = SAVE(IL)
I0OBR = ISDEG

WRITE (6 ,1C9)

FORMAT (10Xy41HCOEFFICIENTS ARE GIVEN IN ASCENDING ORCER/////)

IF (A(IDA)) 340, 341, 340

IDA = [0A - 1

[F (IDA) 345, 345, 339

WRITE (6 ,120)

FORMAT (1HO,10Xy 20HPOLYNOMIAL A IS ZERO//)
FORK2 = 1,0

GO TO 410

IF (IDA - 2) 346, 347, 335

346 WRITE(64121)A(1)

121
347

133

122

335

800

58765

STAR=STARI
PRNT=4 TRUE,
ANUMB1=A(1)
ANUMB220,0

CALL PLOTER(SAVELl¢SAVE2)ANUMBL yANUMB2 sPOINT s XA¢ XRyMI ¢yPRNT4OTAR, 11

*,NO)
FORMAT (1HO+10X928HPOLYNOMIAL A IS A CONSTANT =,1PLlEL6.T//)

GO 7O 410

ROOT = - A{1l) / A(2)

WRITE (6 o133)A(1), A(2)

FORMAT (10Xy2LHTHE COEFFICIENTS OF A/1P2E20.7)
WRITE (6 4122)RO0T

STAR=STARI

PRNT=,TRUE.

ANUMB1=ROOT

ANUMB2=0,0

CALL PLOTER(SAVE1¢SAVER2 ANUMB] gANUMB2 yPOINT s XA9XBoMI oPRNTHSTAR,I11
*,NO)

FORMAT (1HO10X,23HROOT OF POLYNOMIAL A IS,1PLEL6e7//)
GO TO 410

WRITE POLYS

IDIA =[DA -1

WRITE (6,107)101A,(A(I),1=1,1DA)

K = [DA

DO 800 [ = 1,IDA

ASUI) = A(K)

K = K=1

IDP2A=1DA *2

1D2A= 2 *ID1A

CALL MULLER (AS, ID1A,ROOTR,RO0TI)

DO 805 I = 1,ID1A

SAM = 100. * AMAXL(ABS(ROOTR(I)),ABS(ROOTI(T)))
IF (SAM + ABS{ROOTR(I))+EQe SAM) ROOTR([)= 0,0
IF (SAM + ABS(ROOTI(I)).EQe SAM) ROCTI(I)= 0.0

805 CONTINUE

400

WRITE (64111) (RCOTR(IDsROOTI()oI=1,ID1A)
CALL ERCHEK{ROOTI1,1ID1A) =i

Inl
Ln2
143
lda4
Lus
ldo
147
1o
149
140
141
142
193
144
195
196
17
194
199
200
291
202
203
2VU4
209
206
207
204
209
210
211
212
213
214
215
216
2117
218
219
220
221
222
223
224
225
226
2217
228
229
230
2131
232
233
2364
235
236
237
238
239
240




nmn

O

PRNT=,TRUE.
STAR=STAR1
DO 2 111=1,1ID1A
"ANUMB 1=ROOTR(II1)
ANUMB2=ABS (ROOTI(I111))
CALL PLOTER(SAVE1l,SAVE2,ANUMB1 yANUMBC o POINT XA XB,yMI PRNT,STAR, 111
*,NO)
2 CONTINUE
410 JIF(BIIDB)) 4l1ll, 412, 411
412 1IDB = 108 - 1
IF (1DB) 445, 445, 410
445 WRITE (6 ,123)
123 FORMAT (1HOy 10X, 20HPOLYNOMIAL B8 1S ZERO//)
IF (FORK2)12,450,12
450 FORK3 = 1,0
GO TO 698
411 [IF (1DB - 2) 451, 452, 499
451 WRITE (6 ,124)8{108)
STAR=STAR2
PRMT=4,1RUE.
ANUMB1=8(1IDB)
ANUMB2=0,0
CALL PLOTER(SAVE1,SAVE2,ANUMB1 ANUMB2 POINT,XAoXReMIPRNT,STAR, 111
*4NO)
PRNT=,FALSE,
STAR=STAR3
124 FORMAT (1HO,10X,28HPOLYNOMIAL B IS A CONSTANT =,1P1EL16,7//)
GO TO 698
452 ROOT = -B(1) 7 8(2)
WRITE (6 2134)8(1), B(2)
134 FORMAT (10X¢21HTHE COEFFICIENTS OF B/1P2E20.,7)
WRITE (6 4125)ROOT
STAR=STAR2
PRNT=,TRUE.
ANUMB1=ROOT
ANUMB2=0,0
CALL PLOTER(SAVELySAVE2,ANUMBL yANUMB2 yPOINT ¢ XAoXByMI,PRNT,STAR, 111
*,NO)
PRNT=,FALSE.
STAR=STAR3
125 FORMAT (1HO,10Xy23HROOT OF POLYNOMIAL B8 IS,1PLEL6.T//)
GO TO 698
107 FORMAT (10X,42HTHE COEFFICIENTS OF POLYNOMIAL A (ORDER = [3,1iH)/ |
11P6E20.7))
499 1018 = DB -1
WRITE (6,108)1D18,(B(1),1=1,1D8)
108 FORMAT (//7/7/710Xo42HTHE COEFFICIENTS OF POLYNOMIAL B8 (ORDER = [3y1H
1}/ (1P6E20.,7))
K = DB
00 801 I = 1,1D8
BS(I) = B(K)
01 K = K-1
[0P28= 1DB * 2
1028 = 2 ¢+ D18
CALL MULLER (BS,ID18,ROOTR,ROOTI)
00 806 1 = 1,1D018
SAM = 100, * AMAX1(ABS(ROOTR(I)) oABS(ROOTI(I)))
IF (SAM ¢ ABS(ROOTR(I)).EQe SAM) ROOTR(I)= 0,0
IF (SAM ¢ ABS(ROOTI(1)).EQe SAM) ROOTI(I)= 0,0
806 CONTINUE 65
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241
242
243
244
245
246
247
2438
249
250
251
252
253
254
25%
256
2517
254
259
260
261
262
263
264
265
266
267
268
269
270
271
212
213
274
275
276
2117
218
279
280
281
282
283
284
285
286
287
208
289
290
291
292
293
294
295
296
297
298
299
300




$00

WRITE (69112) (ROOTRII)4ROOTI(I)yI= 1,1D18B)
CALL ERCHEX(ROOTI,ID18)
STAR=STAR2

00 3 1ll=1,1018

R J

3

111
112
698

699
6991

533
541

554
557

558
129

%55
459
130

560
131

561

603
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807
808

113,TH) K = 1P1E16.7/(1P6E20.7))

ANUMB1=ROOTR(III)

ANUNMB2=ABS (ROOTI(III))

CALL PLOTER(SAVE1,SAVE2, ANUMB] ¢ANUMB2 y POINT ¢ XA ¢ XB oMl ¢PRNTSTAR, 111
#NO)

CONTINUE

PRNT=,FALSE.

STAR=STAR?

FORMAT (1HOy 11X, 14HTHE ROOTS OF A/ (1PLE20.7+6H +1 ,1P1ELl4.7,1P1

1E20eT96H +1 (1P1E14eT,y1PLE20,746H +1 J1P1EL4, 7))

FORMAT (1HO911Xy14HTHE ROOTS OF B/ (L1P1E20.7,6H ¢l 41P1ELALTy 1P

1E20e796H 41 §1P1E14o7y1P1E20,7,6H +I +1P1E14.T))

IF (FORK2)12,699,12

IF (FORK3)12,6991,12

WRITE (6 ,102)IPROB

MSHEEY = 5

START K CALCULATIONS

IF (N) 702,702,533

D0 550 I= 14 N

00 541 J= 1, IDA

ATK(J) = X(1) * A(J)

COMPUTE ROOTS OF K ¢ A + B
I0DC= MAXO( IDA, 1DB)

CALL POLADD (ATK¢.IDA¢By1D8,4CK)
IDS = 10C

IF (CK(IDS))555, 557, 555

IDS = [DS - 1

IF (IDS) 558,558, 554

WRITE (6 4129)X(1)

FORMAT (1HO910X935HPOLYNOMIAL K*A ¢ B IS ZERO FOR K =91PlEL6LT7//)
GO 70 550

IF (1DS - 2) 559, 560, 561
WRITE (6 4130)CK(IDS)y X(I)
FORMAT (1HO910Xy35HPOLYNOMIAL K&A ¢ B IS A CONSTANT = ,1P1lEL15.7910

I1H FOR K = ,1PLEL4.T7//)

G0 TO 550

ROOT = -CK(1) /7 CK(2)

WRITE (6 4131)ROOT, X{(I)

FORMAT (1HO,10Xy18HROOT OF K¢A + B = ,1P1E15.7,10H FOR K = ,1P1EL

14.7/7)

GO 70 550

K = IDS

DO 803 J = 1,1IDS

CKS(J) = CK(K)

K=K-1

I0OIC = [0S - 1

I0P2C = IDS * 2

Ip2C = 2 = IDIC

CALL MULLER (CKS,IDICoROOTR,ROOTI)

DO 807 4 = 1,10D1C

SAM = 100, ¢ AMAX1(ABS(ROOTR(J)) 4ABS(ROOTI(JID)
IF (SAM ¢+ ABS(ROOTR{J))<EQeSAM) ROOTR(J) = 0.0
IF (SAM ¢ ABS(ROOTI(J)).EQ.SAM) ROOTI(J) = 0,0
CONTINUE

WRITE (64808)ID1CoX(I)o(CK(J)yJ=1,10DS)

FORMAT (//7/710X,48HTHE COEFFICIENTS OF POLYNOMIAL K*A ¢+ B (ORDER =
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312
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320
321
322
323
324
325
326
327
328
329
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331
332
333
334
335
336
337
338
339
340
341
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343
344
345
346
347
348
349
350
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352
353
354
355
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545 WRITE (64115)(ROOTR(J),RO0OTI(J)9J=1,1IDIC)

1E2047¢6H

CALL ERCHEK(ROOTI,IDI1C)

. CALL SAVER(ROOTRyROOTIy ID1CySAVELSAVE24J204K1)
115 FORMAT (1HOy9Xy16HROOTS OF K*A ¢ B/(1P1F20,7,6H
+ 1 +1PL1ELG,T7,41PLE20,746H

5452 MSHEET = MSHEET - 1

546
550

102
705

754
757

758
755
759
760

761

804

[F (MSHEET) 546, 546, 550
WRITE (6 ,102)IPROR

MSHEET = 5

CONTINUE

GO TO0 12

CO 705 J =1, IDA

ATK(J) = Y *= A(J)

COMPUTE ROOTS OF K * A + B
[OC= MAXO(IDA, IDB)

CALL POLADD (ATK,IDA,B,108,CK)

IDS = [0C

IF (CK(IDS))T55, 757, 755
IDS = DS - 1

IF (IDS) 754, 758, 754
WRITE (6 4129)Y

GO T0 711

IF (IDS - 2) 7159, 760, 761
WRITE (6 ,130)CK(IDS), VY
GO T0 711

ROOT = -CK(1l) / CK(2)
WRITE (6 ,131)RO0T, Y

GC TO 711

K = IDS

00 804 I = 1,IDS

CKS(I) = CKI(K)

K =K -1

IolC = INDS - 1

[orP2C = IDS ¢ 2

I02C = 2 = [DIC

CALL MULLER (CKS,IDIC,ROOTR,RO0TI)

DO 809 I = 1,101C

SAM = 100, * AMAXL1(ABS{ROOTR(I))yABS(ROOTI(I)))
SAM) ROQTR(I)= 0.0
SAM) ROOTI(I)= 0.0

IF (SAM + ABS(ROOTR(1)).EQ.
IF (SAM + ABS(ROOTI(I)).EQ.

809 CONTINUE

711
712

WRITE (6,808)IDIC,Y2(CK(T)oI=1,IDS)
WRITE (64115) (ROOTR{J)4ROOTI(J)9J=1,1D1C)

CALL ERCHEK(ROOTI,ID1C)

CALL SAVER(ROOTRyROOTI4ID1C»SAVEL ySAVE2,JZ0,K1)

Y=Y ¢+ DY

IF (Y = YT) 712,712,12
MSHEET = MSHEET - 1

IF (MSHEET) 713, 713, 702

713  WRITE (6 ,102)1IPROB

03016 CALL PLOTER(SAVEL¢SAVE2 yANUMBL yANUMB2 \POINT XAy XRyMI,PRNT,STAR, (I{
*,NO)

w
N~

MSHEET = 5
GO TO 702

READ(5422)L

OO 22 FORMAT(I10)

IF{L.EQ.0) GO TO 1017
CALL EXPAND(LXAyXB)

1017 RETURN

END

+ 1
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v1P1Fl4,7,1P]
11Picl4.T7))

161
J62?
363
364
165
3606
367
j6n
369
3Tuv
371
3712
373
374
715
376
317
378
319
80
181
in2
383
34
Ind
3u6
387
3ay
349
390
391
192
393
394
395
3196
397
398
399
400
401
402
4" 3
4064
405
406
407
408
409
410
411
412
413
414
415
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417
418
419
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SUBROUTINE POLMPY (A¢NeByMoeC)
DIMENSION A(1l),8(1),C(1)
K = MeN

00 S I=1,K

C(1) = 0,0

00 10 Is=],N

L= -1

00 10 J=1,M

L= Le)

CiL) = CIL)*A(1)®B(J)
RETURN

END

SUBROUTINE POLADD (AyN,B,M,C)
DIMENSION A(l),B8(1),C(1)
IF (N-M) 1,41,2

NK = N

60 TO 5

NK = M

00 10 I=1yNK

C(I) = A(L)eD(])

NK = NKe¢l

IF (N-M) 11,25,15

DO 20 I=NK¢M

C(l) = 8(1)

RETURN

00 30 I=NK,N

Cll) = A(l)

RETURN

END

SUBROUTIHE MULLER(COEsN1,ROOTRyROOTI)
DIMENSION COE(1),ROOTR(1),RO0TI(1)
N2=N1+¢1

N4=0

IaN1e¢l

IF(COE(1))9,7,9

No=N4+1

ROOTR(N4)=0,

RCOTI(N4)=0,

I=]=-1

IFIN4=-N1)19,37,19

CONTINUVE

AXR=0, 8

AX1=0,

L=]

N3=1]

ALPIR=AXR

ALP1I=AX1

ok 68

HPRS

HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS
HPRS

421
422
423
424
425
426
427
428
429
430
431
432
433
434
4135
4136
437
434
439
440
441
4642
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
$62
453
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
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12

13
14

113

112
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110
200
111

204
205

GO7299
BET1R=TEMR

BET1I=TEN]
AXR=0, 85
ALP2R=AXR
ALP21=AXI
Ms2
607099
BET2R=TEMR
BET21=TEMI
AXR=0,9
ALP3R=AXR
ALP31=AX]
M3
607099
BET3R=TEMR

BET3I=TENI

TEL=ALPIR-ALP3R
TE2=ALPLI-ALP3I

TES=ALP3R-ALP 2R

TE6=ALP3I~ALP2I

TEM=TES*TES+TEGS TES
TE3s(TELSTES+TE29TEG) /TEM
TE4=(TE2#TES-TELSTEG) /TEM
TET=TE3+1,
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